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Abstract-Development of a micromechanics model capable of providing overall macroscopic
responses for directionally fiber-reinforced composites undergoing matrix cracking (in terms of
microgeometric features) is the principal objective of this paper. It is shown that fiber bridging plays
an important role, and the effective moduli of a composite may be significantly influenced by the
crack size. Bridging effects are negligible for infinitesimally small cracks (or a --> 0), and closed-form
effective moduli are obtained via standard micromechanics approach for a hybrid composite system
with two distinct inclusion phases (fibers and cracks). When crack size exceeds a threshold value a,
(a, being the crack size for saturated bridging), the bridging effect is significant, and a closed-form
solution for effective moduli is again possible using a self-consistent approach accommodating
bridging effects within the micromechanics framework. In the transition regime (0 < a < a,),
however, the effective moduli become crack-size dependent. A full three-dimensional bridging
solution, involving discrete fibers and penny-shaped cracks, is developed to numerically determine
the effective moduli in this regime. The procedure also allows numerical determination of the
saturated crack size, a,. The important of crack-size dependence is then discussed. It is observed that
the effective longitudinal modulus for a silicon carbide reinforced intermetallic may be significantly
underestimated by standard micromechanics model. In the transition range (0 < a < a,), the present
model also provides an avenue for estimation of crack sizes based on observations of overall macro­
moduli of damaged composite systems. (g 1997 Elsevier Science Ltd.

I. INTRODUCTION

Fiber-reinforced ceramic, glass-Ci~ramic, and intermetallic matrix composite materials have
received and are receiving a great deal of consideration for high-temperature structural
applications, These composites are characterized by matrices that are stiff, compared to
conventional polymer-based composites, and that exhibit relatively low overall strain to
failure, Brittle matrix composites generally experience damage associated with the matrix
and/or interface well before final failure because of the low strain capability of the matrix.
Matrix cracking will significantly influence the performance of these composites. When the
applied stress exceeds a certain level, known as the microcracked stress level, composites
may exhibit environmental interaction and degradation, which, in turn, could accelerate a
failure process. One such example is that matrix cracking or interfacial debonding will
greatly enhance carbon oxidation. Matrix microcracking is, therefore, a fundamental life·
limiting issue for ceramic or intt:rmetallic composites used in high-temperature structural
applications.

Both analytical and experimental investigations have been carried out by many inves­
tigators in attempts to understand the damage processes in brittle matrix composites
under tension parallel to the fiber direction (Aveston et ai., 1971; Marshall et ai., 1985;
McCartney, 1987; Kim and Pagano, 1991; Bao and Suo, 1992). It has been observed that
matrix cracking occurs in the direction perpendicular to fibers. After crack nucleation, two
modes of damage evolution are possible: multiple cracking and crack extension (Shaw et
ai., 1993). These two microcracking processes may also be operating simultaneously in a
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specific composite. The formation of a multiple cracking zone distributes damage and can
significantly influence the stiffness of the composite (Deve and Maloney, 1991 ; Deve et a/.,
1992; Hu et al., 1994). As an alternative, one can also focus on overall responses of these
composites. The contemporary literature in this area includes several micromechanics
models (e.g., Christensen and Lo, 1979; Taya and Chou, 1981; Weng, 1984, 1990; Dvorak,
1986,1990; Norris, 1985; Benveniste, 1987, 1993; Christensen, 1990; Siboni and Benven­
iste, 1991; Christensen et al., 1992; Benveniste and Dvorak, 1992; Huang et al., 1994c),
whose origin may be traced back to the earlier work by Budiansky (1965) and Hill (1963,
1965). Treatment of hybrid composites with two inclusion phases; reinforcing fibers and
matrix cracks, is the direct relevance to the present work. However, only limited work exists
in this area (Zhao et al., 1989; Siboni and Benveniste, 1991 ; Huang et at., 1993; Kachanov,
1993), and the existing micromechanical models are valid for very small crack densities.
Accounting for bridging tractions due to fibers, these models may be adapted for cases with
very large crack densities. However, they cannot be utilized for an intermediate range of
finite crack sizes below saturated bridging levels.

The overall responses ofcomposite systems undergoing matrix cracking are of practical
importance for two reasons: (1) they allow the complete history of structural responses to
be charted without going through the details of microstructural features (Chandra et al.,
1995a, b; Jiang et al., 1996; Huang et at., 1996) and (2) they form the basis of a rational
damage mechanics, whereby the effective properties are obtained in terms of damage
nucleation and/or growth (Kachanov, 1993). The existing analyses for overall responses of
composite systems undergoing matrix cracking suffer the following major drawbacks: First,
the bridged-crack models have been established based on two-dimensional plane stress or
plane strain conditions but the basic bridging force-displacement relations have been derived
by carrying out three-dimensional analyses with fiber size as an explicit working parameter.
Therefore, an analytical inconsistency exists between the bridging law and the analysis of
a specific bridged-crack system. The consequence of a two-dimensional bridging analysis is
that the spatial variation of crack tip behavior is entirely neglected. Second, the bridged­
crack systems have been analyzed by embedding a bridged crack in an isotropic material,
with effective property derived from the rule of mixture or other micromechanical analyses.
The isotropic model may be a good simplification for randomly particulate-reinforced
composites, but it is not valid for unidirectionally fiber-reinforced composites. Third, the
existing bridging analyses are based on a continuous bridging model. For commonly used
fiber-reinforced composites, the fiber volume fraction is less than 40%. For such levels of
fiber volume fractions, averaging the fiber-bridging effect in a continuous fashion may not
be well justified. Finally, the assumption of small-scale bridging has been adopted. For
composites with high fiber strength, a defect-sensitive failure may still exist. As was estab­
lished by Evans and McMeeking (1986) and Evans (1980), the riding R-curve behav:lor
stems from the transition of large-scale bridging to small-scale bridging. Although not a
direct consequence, one would expect similar trends moduli variations as well (see Figs 8a,
b). These observations provide the motivation for the current study.

Accordingly, the objective of the present investigation is to develop a general meth­
odology capable ofdelivering overall elastic responses offiber-reinforced composites subject
to matrix cracking, over the full range of crack densities. The present analysis is based on
a three-dimensional, discrete fiber-bridging model capable of accounting for the effects
due to material anisotropy. An additional parameter-crack size-is introduced into !the
micromechanics model to extend validity over the full range of crack densities. It is observed
that for infinitesimal crack sizes (a -> 0) and for saturated fiber bridging (a ~ a,,, as being
critical crack size for saturated bridging), the three-parameter model degenerates to the
traditional two parameter model. The full three-parameter model, however, is needed for
characterization in the intermediate range 0 < a < a,.

Following the introductory section, the crack-size dependence of overall macro-scale
moduli is discussed in Section 2. Section 3 presents a set of closed-form solutions for
infinitesimally small cracks (a -> 0). The overall effective moduli, for saturated bridging
(a ~ as) is obtained in Section 4 through a self-consistent approach. The full three-parameter
micromechanics model is analyzed numerically in Section 5 for intermediate range involving
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finite cracks (0 < a < a,) and unsaturated fiber bridging. The critical crack size a, for
saturated bridging is numerically estimated. Finally, a discussion of the results and their
implications are presented in Section 6.

2. CHARACTERIZATION OF A COMPOSITE SYSTEM WITH MATRIX CRACKING

We consider a unidirectionally fiber-reinforced composite subject to matrix cracking.
It has been observed by many investigators (e.g., Kim and Pagano, 1991; Shaw et aI.,
1993) that damage processes occur due to nucleation of matrix cracks in the direction
perpendicular to the fibers in a brittle matrix composite (e.g., fiber-reinforced ceramic or
glass-ceramic matrix composite materials) under tension parallel to the fiber direction. In
accordance with these observations, the microcracks are assumed to be parallel to each
other and perpendicular to the fiber direction. Such a material system can be viewed as a
hybrid composite with two inclusion phases, one being the unidirectionally aligned fibers
and the other (cracks) being a special inclusion ofzero modulus. Extensive micromechanical
analyses aimed at obtaining the effective mechanical responses of composite materials in
terms of those individual composite constituents have been carried out. These include
the (generalized) self-consistent method (Budiansky, 1965; Christensen and Lo, 1979;
Benveniste, 1992; Huang et al. 1994c), differential method (Roscoe, 1952; Norris, 1985;
Zimmerman, 1991), and Mori-Tanaka's method (Taya and Chou, 1981; Weng, 1984;
Benveniste, 1987). When applied to a composite system of more than one inclusion phase,
the micromechanical analysis, however, may not provide a unique solution for composite
responses [see Huang et al. (1994b) for a detailed discussion]. It is also noted that all the
micromechanical models characterize a composite system in terms of a group of constituent
distribution parameters.

For the composite system with unidirectional fibers and parallel cracks perpendicular
to the fiber direction, a micromechanical analysis gives the effective modulus in the following
form [see Huang et al. (1993) and further analysis given in Section 3] :

(1)

when the Young's modulus and Poisson's ratio of the matrix and fibers are given. Here, cr,
the fiber volume fraction, and p, termed crack density, are defined as

N 3P=Va (2a)

(2b)

Here, at and a are the characteristic average radius of the fibers and cracks (we consider
the penny-shaped crack here), N/ Vis the number of cracks per unit composite volume and
NtiS is the number of fibers per unit area in the transverse plane. The effects of the
constituents' geometry (fibers and cracks in the present case) on the effective property are
solely embodied by fiber volume fraction and crack density. In other words, one can obtain
identical effective moduli for two different microcracked composite systems, one having a
large number (high value of N/V) of small cracks (small value of a) and the other with a
small number (low value of N/ V) oflarge cracks (high value ofa), as long as the combination
yields a crack density as defined in eqn (2a). A similar statement holds: The effective
property will be unaltered regardless of fiber size if the combination of arand NtiS provides
a fiber volume fraction as defined in eqn (2b).

We also note that the solution given in eqn (1) of a microcracked composite system,
or more generally of a hybrid composite system, is entirely based on the concept of non­
bridged cracks, although it accounts for interactions among fibers and cracks within the
framework of a micromechanics model. When cracks are bridged by crossing fibers, as they
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Fig. 1. Schematic diagram for two composite systems with the same crack density: (a) large number
of small cracks; (b) small number of large cracks.

are in a general composite system, the micromechanical solution given in eqn (I) is not
always valid. As a result, a distinction has to be made between a small number of large
cracks and a large number of small cracks. To illustrate this concept we consider two
different combinations of crack size and number that provide identical crack densities.
Figure I (a) considers the combination ofa large number of small cracks, and Fig. I (b) that
of a small number of large cracks. Apparently, what separates these two configurations
from each other is that a significantly higher level of fiber bridging exists for the latter
scenario. Due to fiber bridging, crack opening will be reduced and effective responses of
the latter configuration will be different from the former, or the one with the small cracks.
Therefore, the proper characterization of a microcracked composite system will require
consideration of crack size variations that embody the extent of fiber bridging. As discussed
above (eqn 2), a simple dimensional analysis led to a possible choice of the scaling constant
as ajap

If we assume that the fibers inside the penny-shaped crack are not broken [not in a
steady state for the crack tip behavior as defined by Budiansky et al. (1988)] and can all be
used as bridging agents, the bridging effect is expected to reach a limit when crack size
becomes significantly large, i.e., the saturated crack size, a,. When the crack size is larger
than as' the effective modulus is expected to become insensitive to crack-size, again. This
observation will be confirmed later in Section 5 through numerical analysis.

These conceptual observations lead us to conclude that the effective responses of a
fiber-reinforced composite with matrix cracking can be determined in terms of fiber volume
fraction and crack density if the cracks are infinitesimal (a ---+ 0) or a ? as. In other words,
a two-parameter characterization is valid when either the crack size is infinitesimally small
such that the bridging effect can be neglected or the crack size is so large that the extent of
bridging is saturated. The overall responses are, however, dependent on crack size when
crack size falls in between these values. Therefore, the complete solution for the effective
modulus shall be expressed in the form

E 3 E 3
a---+O (3a)- =-(Cj,p)

Em Em

~3 = E
3 (Cf'P'~) 0< a < as (3b)

Em Em af

E 3 E 3 (3c)T = T(c/,p) a> as.
m m

It should be noted that, even though the moduli for the cases a ---+ 0 and a > as can be
characterized by C/ and p, the functionality form of the solution is different for each, with
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a non-bridging effect for a -+ 0 and a saturated bridging effect for a > as. The main theme
in what follows is the determination of the specific form of the modulus solution for a
corresponding crack-size range. The saturated crack size, as, is obtained during the solution
process. It is worthwhile to mention in passing that within the transition range, or
o< a < as, a physical bridging model will enter the equation and the solution may become
quite complex. As will become clear in Section 5, the solution can indeed be expressed in
the form of eqn (3b) when bridging is effective.

3. SOLUTIONS FOR INFINITESIMAL MATRIX CRACKS (a/ar« I)

A fiber-reinforced composite containing small-sized matrix cracks, a(aJ« 1, is inves­
tigated first. As discussed before, the effect of fiber bridging for the case of small crack size
is insignificant. Therefore, the solution for a fiber-reinforced composite containing small­
sized matrix cracks can be obtained by treating the composite as a material with two phases
of inclusions, one being the reinforcing fibers and the other being cracks. A micromechanics
approach, using Mori-Tanaka's average technique, will be adapted in the present study. A
micromechanics analysis, when employed for solution of effective properties, involves two
ingredients; a proper stress-strain definition and a geometric model accounting for phase
interactions. The stress-strain relationship for overall composite responses can be addressed
by a direct approach (Benveniste, 1987) or by an energy equivalence approach (Budiansky,
1965; Huang et al. 1993). When used for hybrid composites with coexisting reinforcements
and cracks, the energy approach has been proven to be advantageous since crack energy
can be evaluated through the concept of an energy release rate (Budiansky and O'Connell,
1976; Huang et al. 1993). In the following, an energy balance framework will be utilized
and adapted to the Mori-Tanaka average technique in order to obtain the solution for
effective composite properties.

Consider a large block of composite material comprised of reinforcing fibers in the X3

direction and a system of small-sized parallel matrix cracks in the direction perpendicular
to the fibers. The fibers are assumed to be cylindrical and are randomly distributed in the
XI-X2 plane. The cracks are assumed to be penny-shaped and are randomly distributed in
planes perpendicular to the fiber direction. The elastic modulus and Poisson's ratio of the
matrix are Em and Vm, and those of the fibers are EJ and vf' Due to the aligned distribution
of fibers and crack, the composite shows an orthotropic behavior and can be characterized
by the following general stress-strain relation:

(4)

where Cijkl is the elastic moduli tensor of the composite material. In order to determine Cijkl

or its inverse (tensor of elastic constants), apply a uniform stress, (Jij = (J~, to the surface
of the block of composite material. The strain energy of the composite material is, from
the homogenization, given as

(5)

where V is the total volume of the composite material. On the other hand, one can view
the strain energy from each individual phase. For a composite system with inclusions and
cracks, the strain energy can be given as (Huang et al., 1993)

where e;j = I(VJ kS] d V is the average fiber strain, G(r) is the energy release rate of a
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penny-shaped crack of radius r under the specified loading condition, Sj is the area of a
particular crack in the composite block, and N is the number of cracks in that block. The
last term in eqn (6) represents the total crack energy in the block. By energy equivalence,
we have, from eqns (5) and (6),

Nia

+ ~ G(r)2nr dr
V 0

(7)

where a is the average crack radius; obviously, for the small crack size considered here,
a/ar« l.

Equation (7) is an exact representation of the energy equivalence between two views
of the cracked composite: one regards the composite as an effective, homogeneous medium,
and the other considers the details of the individual phases~the matrix, fibers and cracks.
In order to determine the effective property of the microcracked composites, or C;jki, a
scheme for obtaining average fiber strain, as well as the crack energy release rate, has to be
developed to approximately account for interactions among the matrix, fibers and cracks.
It is this scheme (the second ingredient of a micromechanics model) for evaluating the
average fiber strain and crack energy release rate that introduces a variety of approximations
associated with a micromechanics model. Two schemes, the Mori-Tanaka method (e.g.,
Taya and Chou, 1981; Weng, 1984, 1990; Benveniste, 1987) and the inclusion-matrix­
composite model, also referred to as the generalized self-consistent method (e.g., Chri­
stensen and Lo, 1979; Benveniste, 1986; Siboni and Benveniste, 1991 ; Huang et al., 1994a,
c), have gained a wide range of acceptance. These two schemes are competing in some
applications and complementary in others [see Christensen (1990), Wang and Weng (1992),
and Huang et al. (1994b) for detailed discussions on their comparisons]. In what follows,
we use the Mori-Tanaka method to evaluate the average fiber strain and crack energy
release rate. It is noted here that the Mori-Tanaka method is relatively simple in terms of
providing closed-form solutions, it is unambiguous in terms of accommodating multiphase
inclusions (as is certainly the case for the microcracked composite under consideration),
and it has the typical features of a micromechanics model. These features will be modified
as they will be shown to be insufficient as the extent of fiber bridging increases (see Section
5).

In order to implement the Mori-Tanaka method, we apply a remote stress, 0"33 =, 0"0

(O"?J = 0, otherwise), as shown in Fig. 2(a). (The aligned ellipsoidal inclusions are used so
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Fig. 2. An interpretation of Mori-Tanaka's method for small-sized cracks: (a) the composite system
with small-sized matrix cracking subject to uniaxial tension; (b) the configuration providing a
relationship between average matrix stresses and average fiber stresses. Note that a triaxial average
matrix stress state exists even when the remote tension in the composite system is uniaxial; (c) the
configuration providing a relationship between average matrix stress and the average crack energy

release rate.
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that a solution for the long, cylindrical fibers can be derived by taking the limit of the
aligned ellipsoidal axis to infinity.) The average stresses of the matrix material in the
composite system will be developed due to the remote stress IT33 = ITo. The state of the
average matrix stress is not necessarily coaxial with the remote stress; it is, however,
axisymmetric and can be expressed as (IT'r'i" ITT2, IT:;';). The average fiber stress can be
characterized, by reasoning, as (IT~bl' IT!J2, 0'!{'3)' One can show that the average stress in
cracks, in a limit sense is zero (Benveniste, 1987; Zhao et al., 1989). The stress equilibrium
then requires

(8)

The key assumption of Mori-Tanaka's method used to contain the average fiber stress and
crack energy release rate is described in Fig. 2(b, c). This shows that the average fiber stress
and crack energy release rate can be obtained by embedding a single typical fiber and a
single penny-shaped crack in an infinitely extended matrix material subject to the average
matrix stress state (IT'r'f, ITT{, IT:;';). The average fiber stresses (IT~bl' IT!J2, IT/f3) can be related to
(IT'r'f, aT~, IT:;';) through the solution of the single-fiber system shown in Fig. 2(b). After
inverting the readily derivable single-fiber solution given by Mura (1982), we have

(9)

where

Substituting eqn (9) into eqn (8), we have

(10a)

(lab)

(lac)

(1 ad)

(10e)

(
Ct+ (1 ~. cf)m I I

(1-Cj)m 31

The solution of eqn (11) leads to

(11)

(12)

(13)

(14)
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O'~f 1 ( C}) cf [ I ]-=- 1-- -~ --+f3(I-vi-2vmv,)
0'0 Cm Y Y I-vm

(15)

Y = C; f3(vm-v;) [I ~mVm +f3(Vm-2Vi-VmV;)]

+[cr+Cmf3(1-VmVi)]X{Cf+ C;[I~Vm +f3(1-Vi-2VmV;)]} (16)

and the crack energy release rate is found to be [see Fig. 2(c)]

(17)

With the solution of the average fiber stresses (or strains) and the crack energy release rate
in hand, the governing equation (eqn 7) for the determination of effective moduli can be
implemented, giving

(18)

where p is crack density (Budiansky and O'Connell, 1976; Kachanov, 1993) as defined in
eqn (2a).

While eqn (18), along with eqns (12)-(15), provides a complete solution for the
longitudinal modulus E3 , further simplification is possible. The final result is found to be

(19)

where Gm and K m are the shear and in-plane bulk moduli of the matrix material and Kfare
the in-plane bulk moduli of the fibers.

Similarly, the in-plane shear, G13, can be determined by applying a remote stress,
TI3 = To (otherwise = 0). The solution for the relationship between T1'3 and TTf (the average
shear stress of the matrix and fibers due to the remote stress To) can be found by embedding
an isolated fiber into an infinitely extended matrix material subject to remote stress TTf,

(2:0)

where A = Gf/Gm • It should be noted here that, unlike the case for uniaxial tension, the
applied remote shear stress, T12 (= To), does not produce any other average stress
components. The stress balance requires

(21)

Equations (20) and (21) give
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(22)

(23)

With care taken in the evaluation of the energy release rate for the loading conditions in
shear, the governing equation (eqn 7) becomes

(24)

Substituting eqns (22) and (23) into eqn (24), the final result is

(25)

4. VERY LARGE MATRIX CRACKS WITH SATURATED FIBER BRIDGING

When large-sized cracks develop, the fibers will bridge across the cracks and, as
described in Section 2, the geometric intersections of fibers and cracks will create a feature
that is distinct from that of small-sized matrix cracks. First, the bridging fibers falling inside
a crack will exert a distribution of closing tractions over the area of a crack where a fiber
exists. Second, the fibers inside a crack are not entirely immersed in the surrounding matrix
material, as shown in Section 3 [see Fig. 2(b)]. Those fibers falling inside a crack will remain
surrounded by the matrix material, with the exception that a free exposition of the fiber
surface occurs along the crack opening. One important assumption of the present study is
that the effect of the fiber exposition is neglected. Therefore, we can still consider the fibers
as being entirely surrounded by matrix material. When crack opening displacements an:
small in comparison to fiber length, as they are for most fiber-reinforced composite systems,
the effect of fiber exposition is marginal. In order to account for the effect of fiber
bridging on crack opening displacements, and virtually on the effective moduli, the energy
equivalence equation should be modified. The modified Mori-Tanaka scheme is shown in
Fig. 3. The difference between Fig. 2 and Fig. 3 is that a typical crack surface is imposed
with a distribution of closing tractions (or bridging forces) in Fig. 3. Although the average
matrix stresses can still be evaluated following the procedures detailed in Section 3, now
the crack energy release rate will also depend on the average matrix stress and the bridging
tractions.

Referring to Fig. 3(a), if one cuts the fibers along a crack plane, a pair of opposite
tractions appears on the cut fiber sections. It is noted that these tractions are the bridging
forces shown in Fig. 3(c). Keep in mind that the bridging traction can be approximated as
the average fiber axial stress. We further obtain bridging tractions due to discrete fibers
uniformly distributed over the penny-shaped crack. The uniform bridging tractions
obtained are

(26)

The energy release rate is then found to be
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Fig. 3. A modification of Mori--Tanaka's method for large-sized cracks: (a) the composite system
with large-sized matrix cracking subject to uniaxial tension; (b) the configuration providing a
relationship between average matrix stresses and average fiber stresses. Note that the effect of the
intersection of fibers with cracks is neglected; (c) the configuration providing a relationship between
average matrix stresses and the average crack energy release rate. Note that the bridging tractions
supplied by discreet fibers [Fig 3(a)] are allotted to a typical crack as a uniform distribution of

magnitude ("(;I;,.

The effective longitudinal modulus can be obtained in a similar manner:

16 [I ( c
2

) c
2

I - c
2( 1 )J2}-1+-(1-vJ)x - 1-- L _L m --+f3(I-vi -2vm vJ

3 . Cm Y Y 2')' I - Vm

(27)

(28)

Similarly, the in-plane shear modulus, G'3' can be determined by substituting (rT; -Crrl;'3)
for rT; in eqn (24), giving

G I3 r . cj{),-I) 41-vm [W+;[)-Cr 1
2
]_1~= jl+ +---p -----

G l Crt- c;'(;[+ 1) 32-vm cr+ C;'(1 +;[)
(29)

The solutions given in eqns (28) and (29) are a modification of the standard micromechanics
solutions given in eqns (19) and (25). This modification provides one possible avenue,
based entirely on a micromechanics model, to account for the effect of fiber bridging. The
main theme in deriving the solution is to distribute, over cracks, the bridging tractions that
are self-consistent with the average fiber stresses obtained by a micromechanics analysis.

As an example, we consider a composite of SiC/BMAS (barium magnesium alu­
minosilicate) with Em = 100 GPa, Vm = 0.24, Er = 200 GPa, and vr = 0.2. This is one of the
SiC-reinforced ceramics in which relatively large cracks can develop to the stage of bridging
saturation (Kim and Pagano, 1991). In such cases, the modified solution presented in this
section is applicable. The effective longitudinal and shear moduli are shown in Fig. 4(a, b)
for crack density p = 0.3. It is observed that the modified solution (considering the effect
of fiber bridging) can differ profoundly from that of the standard micromechanics analy~:is.

For instance, the normalized longitudinal and in-plane shear moduli obtained by the
modified solution are 1.34 and 1.15 at a fiber volume fraction of cr = 40% as compared to
0.67 and 0.78 by the standard micromechanics analysis.
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Fig. 4. Comparisons between the solutions for a small-sized crack (without bridging) and those for
a large-sized crack (with bridging) for SiCjBMAS with Em = 100 GPa, Vm= 0.24, E1 = 200 GPa,

and VI = 0.2: (a) longitudinal Young's modulus; (b) in-plane shear modulus.

It should be noted that the modified micromechanics solution provides a self-consistent
approach to accommodating the bridging effect within a micromechanics framework. When
the crack size is larger than the saturated crack size, the solution, as observed earlier, is still
expressible through a two-parameter characterization. The model, however, does not consist
of any physical input for the development of bridging. This issue will be addressed in the
next section, where a full bridging solution with a bridging law governing relevant mech­
anisms will be obtained. Also, our analysis shows that the modified micromechanics solution
applies to most SiC-reinforced ceramics within a commonly used fiber volume fraction
range of up to 40%. There are cases (with combinations of constituent properties and high
volume fraction) that may produce negative values of (a~'{ - c/oj\) or (a'['{ - CfO~h3)' This
implies that cracks are not opened based on the micromechanics solution. A simple
approach to account for this is to discard the crack influence term in eqns (28) and (29)
when cracks are not open. Other approaches include the consideration of fiber stress
variations in the axial direction.
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5. EFFECT OF FIBER BRIDGING: CRACK-SIZE DEPENDENCE

As discussed in Section 2, in addition to crack density and fiber volume fraction, a
third scaling constant, alar, will have to be introduced for the quantitative assessment of
effective moduli. To put this reasoning into a rigorous analysis, the key is to determine the
bridging tractions. In the following, we will first introduce a three-dimensional, discrete
fiber model to analyze a fiber-bridged crack system. A simplified solution for bridging
tractions will be presented next. The implications of the results for effective moduli are
discussed, and the crack energy release rate is evaluated.

5.1. A discrete fiber model
The focus here is to provide the solution of bridging transactions for a penny-shap,~d

crack subject to average matrix stresses [shown in Fig. 3(c)]. The details of fiber distribution
inside the penny-shaped crack to be considered since the bridging tractions exist over only
those areas where a fiber exists. Representative fiber patches inside a penny-shaped crack
are shown in Fig. 5, and bridging tractions are imposed over these fiber patches. The
bridging tractions over each patch area are as yet unknown and may vary with the position
inside each fiber patch. We assume that a linear bridging law exists such that the bridging
traction, a, can be related to the crack opening displacement, u, through the following
relationship:

u = Ka (30)

where K is the proportionality constant. The crack opening displacement under the average
matrix stress, a3'f, and bridging tractions can be written as (Fabrikant, 1989; Gao and
Rice, 1987)

( -t..)_4Hmx(2 2)1 /2 ~H~ff.ai(Po,cPO)t -1('1) d d-t..w P, 'I-' - a33 a - P - L... R an R Po Po '1-'0
1! i= 1 Sf

(31 )

where ai(po, cPo) represents the as yet unknown bridging traction distribution over the ith
fiber patch, Si is the area of the ith patch, the integration is carried out over all N patches

Fig. 5. Typical distribution of fibers inside a penny-shaped crack.
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inside the penny-shaped crack in order to account for the total crack opening contribution
from all the bridging fiber patches, and

I-v 2

H=-­nE .

(32)

(33)

(34)

Imposing the bridging law over all the fiber patches, we have the following normalized
governing equation:

(p,cf»ESj = 1, ... ,N (35)

where ~ is a dimensionless configuration constant,

(36)

The bridging strength increases as the value of ~ decreases; ~ varies over a wide range,
depending on the particular bridging configuration. To solve for the unknown bridging
tractions, oiPo, cf>o), we assume that

M M

(Jj(po,cf>o) = L I rm(amncosn8+bmnsinn8)
n=O m=O

(37)

where (r,8) are the local polar coordinates associated with the ith fiber, amn and bmn are the
unknown coefficients, and M is the number of terms, which is truncated for the purpose of
convergence. Equation (35) can then be solved by satisfying the integral equation at a
sufficient number of collocation points. It is noted, however, that the integration becomes
singular due to R --+ 0 when Sj = Sj' The integration singularity can be removed by trans­
forming the coordinates (Po, cf>o) to (p~, cf>~) as follows:

Po coscf>o = p~ cos cf>~ +pcoscf>

Po sin cf>o = p~ sin cf>~ + p sin cf>.

(38a)

(38b)

In the numerical implementation, the collocation points should be evenly distributed over
each fiber in order to secure a spatially smooth, convergent solution. Our numerical
calculations show that very accurate bridging transactions with relative errors of less than
5% can be obtained with truncation terms of M = 6 for fiber densities up to 40% in all
three subsequently considered examples.

The normalized stress intensity factor (SIF) can be obtained in terms of bridging
tractions following an approach by Cherepanov (1979) :

(39)

where Ko = 2(J';'{~/n is the stress intensity factor due to remote loading CJ';'{, without the
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presence of fiber bridging. The energy release rate can be readily evaluated from the SIF
(Tada et al., 1985),

(40)

5.2. Simplified solutions
Simplification of the solution for the fiber-bridged crack system can be achieved if the

bridging force variation inside each fiber is small such that

(41)

and the governing equation becomes

(p, ¢) ESj,j = 1, ... ,N. (42)

If the area Si of each fiber is also very small compared to that of the penny-shaped crack,
or a/at» 1 (at is the characteristic fiber radius), the equation can be approximately satisfied
by collocating (p, ¢) at only one particular point inside each fiber. If the choice of that
collocation point is made at the centers, (Pi¢)' of each fiber, along with the approximation
of integrals, we obtain

where

[(
a. )2 (Pi)2]1!2 N a i

4 - -(~ -Llii-=~ai j=l, ... ,N
at \a i~1 . a~'f .

(43)

and

I .. = 2!!L t -1 Y/ij
1/ R. an R.

lj IJ

for i =I j (4.4)

and

I = ~ If t -I (!l) Po dpo d¢o
I} n an R Ra

Sf

(45)

(46)

(47)

where a coordinate transformation similar to that given in eqn (38) is required to eliminate
the singularity, ensuring the accurate evaluation of Iij for i = j. From eqn (43) or its parent
form, eqn (35), we can identify the following three major factors that affect a bridged-crack
system: (l) the dimensionless configuration constant, as characterized by K/Ha in the case
of a linear bridge; (2) the fiber distribution patterns as represented by pja and ¢i; and (3)
the ratio of crack to fiber radius.

The simplification presented here reduces the solution to a minimum size, allowing
closed-form solutions for certain fiber distribution patterns. For example, we consider a
penny-shaped crack bridged by six symmetric fibers. In this case, all the fibers have equal
bridging transactions of aJao (=a2/aO"'" a6/aO)' Equation (43) becomes
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Fig. 6. The full numerical solution versus the simplified solution: six fibers (see inset) are sym­
metrically distributed; the distance between the centers of the fibers and the penny-shaped crack is

taken as O.7a.

[( )2 ( )2J112 (6 )4 ~ - ~ . - I I) ~ = (~
af a i ~ 1 I 0'0 0' 0 •

The bridging traction can be given in the closed form as

6

(+ I Iii
;=1
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(48)

(49)

It is emphasized here that the simplified solution presented in this section is valid when
the fiber radius is small compared to the penny-shaped crack's size. Figure 6 shows the
variation of normalized stress intensity factors (SIFs) along the crack front for the fiber
distribution pattern shown in the inset. The dotted line is the solution obtained by the
simplified analysis and the solid line is the exact numerical solution. The simplified solution
has an error of less than 4.5% for aja = 0.2 (or a volume fraction of about 24%). Our
numerical results for number of fiber distribution patterns show that the simplified solution
can yield results with an error of less than 15% for fiber volume fractions as much as 50%.
Therefore, use of the simplified solution can be justified for the most commonly used fiber­
reinforced composite systems.

5.3. Numerical results
In this section, we examine the effect of crack size of the overall elastic moduli. With

the numerical solution of bridging transitions in hand, one can easily evaluate the energy
release rate through eqns (39) and (40). It is important to note that the energy release rate
varies along the crack front (a function of the local polar angle, ¢). The effective moduli
are determined in a statistical averaging sense. In order to be consistent with the statistical
nature of micromechanics presented in Section 3, our numerical procedure is implemented
as follows: generate a distribution of fibers inside a penny-shaped crack of a given size,
solve the bridging tractions via the full numerical solution outlined in Section 5.1, and
evaluate the energy release rate through eqns (39) and (40). This process is repeated for a
sufficient number of fiber distributions, and a statistically averaged energy release rate can
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Fig. 7. Six different fiber distribution patterns.

pattern 3

••.--.
pattern 6

be obtained over all the fiber distributions. After the relation of energy release rate to crack
size is obtained, the effective moduli can be obtained through eqn (6).

We first consider the effect of fiber distribution on the spatial variation of fracture
front behavior. The fiber distribution may vary dramatically inside a penny-shaped crack,
reflecting the complexity of processing and the statistical nature of the location of crack
nucleation. The widely different fiber distributions can be characterized by the distribution
pattern and the average fiber spacing. The fiber distribution pattern can be particular
geometrically identifiable arrangements or fully irregular arrangements. The average fiber
spacing is a mathematically defined average fiber distance. In our analysis, the average fiber
spacing is calculated following Huang (1993). In order to examine the effect of fiber
distribution patterns on the fracture front behavior, six fiber distribution patterns with the
same value for average fiber spacing, a/a = 0.9, are considered in Fig. 7. As noted be[.~re,

there are significant variations of SIFs along the fracture front. The average, maximum,
and minimum SIFs are given in Table 1 for all six distribution patterns with aria = 2.0 and
~ = 0.01. It is observed from Table 1 that, although the fiber distribution pattern can alter
the maximum and minimum SIFs, it has little effect on the spatially averaged SIFs over a
penny-shaped crack front. We have also conducted the calculations for several irregular
fiber distribution patterns with the same avalues, and the results prove that, for a giiven
fiber spacing, the average SIFs change very little with the different patterns. This observation
allows one to generate fewer statistical fiber distributions in a modeling process.

In the following, we use a SCS/Ti-6AI-4V fiber-reinforced composite as an example,
with Em = 100 GPa, Vm = 0.3, Ef = 400 GPa, and vf = 0.2. Figure 8(a, b) considers the
variation of longitudinal modulus, E3 (in the fiber direction), with the normalized crack
size, alar, for a fiber volume fraction of 22.67% and 40.31 %. It should be noted that crack

Table I. SIFs of six different fiber distribution patterns with the same average spacing, J/a = 0.90t

Pattern

2 4 6

K""g/Ko 0.6730 0.6702 0.6758 0.6736 0.6729 0.6878

Kmax/~ 0.7345 0.7615 0.7047 0.7834 0.7845 0.8089
Kmin/Ko 0.5871 0.3949 0.6441 0.5037 0.5142 0.3768

t Dimensionless configuration (;onstant ~ = K/Haf = 0.0 I.
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Fig. 8. Variation of longitudinal modulus, E,/Em, with normalized crack size, a/ai' for a fiber­
reinforced intermetallic with Em = 100 GPa, Vm= 0.3, Er = 400 GPa, 1'/ = 0.2, and KIHal = 0.01­
crack density kept fixed at p = 0.3, 0.6, or 0.9: (a) fiber volume fraction CI = 22.67%; (b) fiber

volume fraction c1 = 40.31 %.

density is kept fixed at p = 0.3, 0.6, or 0.9. The modulus increases as crack size increases
This is due to the reasons that we conceptually described in Section 2. The bridging effect
becomes significant in resisting crack opening for large-sized cracks. It is also observed that
the rate of modulus increase is decreasing as crack size increases. The modulus becomes
stable, or crack size insensitive, when the crack size exceeds a certain critical value. The
crack-size-sensitive range depends on fiber volume fraction. For example, the modulus is
sensitive to crack size when a/af is less than 10 for a fiber volume fraction of cf = 22.67%,
and when a/af is less than 30 for a fiber volume fraction of Ct = 40.31 %. The saturated
crack size can be determined approximately in these cases as a = lOaf and a = 30af. These
figures also explain the necessity of the introduced scaling constant, a/at, for the charac··
terization of fiber-reinforced composites. In most fiber-reinforced composites, including
ceramic and intermetallic composites, the defect size mostly falls in the crack-size-sensitive
range a/af < 50. For example, using photomicrographs and acoustic emission, Kim and
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Pagano (1991) observed that, for several types ofceramic matrix composites with cfbetween
34% and 44%, cracks of only a = 0.2 mm can develop before final failure, with a fiber
(carbon and SiC) radius of at = 8 ,urn, leading to a/at = 25. This falls well within the
transition range. The influence of crack size can be quite significant in that range. For
instance, the standard Mori-Tanaka method gives a crack-size-independent E3/Em of 0.61
for a crack density of p = 0.6 and ct = 22.67%, while our crack-size-dependent prediction
is 1.22 at a/at = 20 for the same crack density and fiber volume fraction. The difference is
as much as 100%. Quite apparently, for the same crack density, the combination ofa small
number of large cracks is preferred to that of a large number of small cracks since the
former offers a higher level of modulus retention.

The results presented in Fig. 8(a, b) are for the cases where fiber volume fraction and
crack density (the two parameters sufficient for standard micromechanical analysis) are
fixed. For a composite system sustained with matrix cracking, the crack size is physically
increased, as is the crack density (as defined in eqn 2a). The information that solely reflects
the modulus dependence on crack size is required in order to understand how a defect­
growing process changes the composite's overall responses. This information is shown in
Fig. 9(a) and (b) for fiber volume fractions of Ct = 20.67% and 40.31 %, respectively. Also
shown in the figures are the solutions from the standard Mori-Tanaka method (without
considering bridging). In these cases, the number of cracks per unit composite volume is
fixed at N/ V = 0.0 I. It is observed that the modulus decreases as crack size increases. This
is due to the fact that crack density increases rapidly at the power 3 of the crack size.
Bridging effect is also significant in these cases. For example, the solution for bridged cracks
gives E3/Em = 1.75 while the standard Mori-Tanaka method predicts E3/Em = 0.85 at
a/at = 20 and ct = 40.31 %.

The modulus' dependence on the dimensionless configuration constant is investigated
in Fig. 10. It is observed that bridging becomes ineffective when ~ = (K/ Hat) > 100. On the
other hand, a further decrease in ~ does not enhance the effective modulus after the value
of ~ reaches 1.0. Only within a range of ~ values between 1 and 100 is the effective modulus
sensitive to the dimensionless configuration constant. For ceramic composites, the ~ value
can be recovered from the fiber pull-out measurement through a simple linearization. The
small ~ values require the proper level of interfacial frictions. The present analysis reveals
that two other possible approaches to achieving an effective bridging are (I) to choose a
matrix material with lower modulus or higher H values [H = (1 - v~,)/nEm] and (2) to
increase the fiber size. Sometimes the combination of these choices requires trade-offs to be
made. From the numerical results of Fig. 10 and Table 1, we conclude that, within an
effective bridging range, the .:ffective property can be characterized solely by three par­
ameters: fiber volume fraction, ct ; crack density, p; and crack size, a/at.

6. CONCLUSIONS AND DISCUSSION

The effective moduli of a fiber-reinforced composite with matrix cracking have been
investigated in this paper. Our analysis reveals that there exist three regions that must be
differentiated for the purpose of characterizing effective overall responses of a fiber­
reinforced composite with matrix cracking: When the matrix crack size is infinitesimally
small (or a/at --'> 0), the effective moduli of the composite are a function of fiber volume
fraction and crack density, and can be obtained by a standard micromechanics analysis.
When the crack size is sufficiently large (a/at» 1 and typically> 50, or in the stable rate),
the effective moduli are also only a function of fiber volume fraction and crack density and
can, again, be obtained by the proposed modifications accounting for bridging effects in
the context of a micromechanics analysis. When the crack size falls in a transition range
(0 < a/at < 50), the effective moduli become crack size dependent and a fully bridging
analysis, combined with micromechanics solution, is required for the characterization of
the composite's overall responses.

The effect of fiber bridging on effective moduli was investigated in detail. Numerical
results show that a standard Mori-Tanaka method can lead to underestimation of effective
moduli by more than 100% as compared to our crack-size-dependent analysis. Our full



Overall responses of composites with matrix cracking 3855

bridged cracks
non-bridged cracks

(a) 1.8

1.6

1.4

1.2

1

0.8

0.6

0.4

0.2

o
o 5 10 15 20 25

s/~

30 35 40

bridged cracks
non-bridged cracks

(b) 2.5

2

.J 1.5.......
W'

1

0.5

0
0 5 10 15 20 25 30 35 40

S/Sf

Fig. 9. Variation of longitudinal modulus. El/En" with normalized crack size, a/ai' for a fiber­
reinforced intermetallic with Em = 100 GPa, Vm= 0.3, EI = 400 GPa, VI = 0.2, and KI Hal = 0.01­
crack density increases according to definition in eqn (2a): (a) fiber volume fraction ('I = 22.67%;

(b) fiber volume fraction CI = 40.31 %.

bridging analysis is based on a three-dimensional (not axisymmetrical), discrete fiber,
penny-shaped crack model. In spite of the complexity involved in such a modeling process,
the effective responses can still be determined entirely by three parameters within the
effective bridging range: fiber volume fraction, cr; crack density, P; and crack size, a/at.
The three-parameter model also provides a convenient avenue for estimating microscale
damage state from observations of overall moduli in the intermediate range (0 < a ~ as),
which may be the regime of practical interest (Subhash and Nemat-Nasser, 1993) for many
applications.

The micromechanics modification we presented for the stable range is based on bridg­
ing tractions that are self-consistent to average fiber stresses obtained by a micromechanical
analysis. One possible refinement is to use the bridging traction that accounts for the axial
stress variation. Our full bridging analysis also has potential applications in the analysis of
toughening mechanisms (local behavior) for fiber-reinforced composites due to its distinct
feature of providing spatial variations of stress intensity factors and due to its ability to
account for local fiber-fiber and fiber-matrix interactions. Also, the current analysis can be
easily extended to investigate the effects of particulate bridging in other types of composite
materials.
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